We consider single interval Rényi and entanglement entropies for a two dimensional conformal field theory on a circle at nonzero temperature. Assuming that the finite size of the system introduces a unique ground state with a nonzero mass gap, we calculate the leading corrections to the Rényi and entanglement entropy in a low temperature expansion. These corrections have a universal form for any two dimensional conformal field theory that depends only on the size of the mass gap and its degeneracy. We analyze the limits where the size of the interval becomes small and where it becomes close to the size of the spatial circle. The idea of entanglement, that a local measurement on a quantum system may instantaneously affect the outcome of local measurements far away, is a central concept in quantum mechanics. As such, it underlies the study of quantum information, communication and computation. However, entanglement also plays an increasing role in other areas of physics. To name three, measures of entanglement may detect exotic phase transitions in manybody systems lacking a local order parameter [1, 2]; such measures order quantum field theories under renormalization group flow [3, 4] ; entanglement is a key concept in the black hole information paradox (see e.g. [5, 6] ).
We consider single interval Rényi and entanglement entropies for a two dimensional conformal field theory on a circle at nonzero temperature. Assuming that the finite size of the system introduces a unique ground state with a nonzero mass gap, we calculate the leading corrections to the Rényi and entanglement entropy in a low temperature expansion. These corrections have a universal form for any two dimensional conformal field theory that depends only on the size of the mass gap and its degeneracy. We analyze the limits where the size of the interval becomes small and where it becomes close to the size of the spatial circle. The idea of entanglement, that a local measurement on a quantum system may instantaneously affect the outcome of local measurements far away, is a central concept in quantum mechanics. As such, it underlies the study of quantum information, communication and computation. However, entanglement also plays an increasing role in other areas of physics. To name three, measures of entanglement may detect exotic phase transitions in manybody systems lacking a local order parameter [1, 2] ; such measures order quantum field theories under renormalization group flow [3, 4] ; entanglement is a key concept in the black hole information paradox (see e.g. [5, 6] ).
Important measures of entanglement for a many-body system in its ground state are the Rényi and entanglement entropies. To define these quantities, we first partition the Hilbert space into pieces A and complement A = B. Typically (and hereafter in this letter) A and B correspond to spatial regions. Not all quantum systems may allow for such a partition. The reduced density matrix is defined as a partial trace of the full density matrix ρ over the degrees of freedom in B:
The entanglement entropy is then the von Neumann entropy of the reduced density matrix:
The Rényi entropies are
where S E = lim n→1 S n . The entanglement and Rényi entropies are well defined for excited and thermal states as well. One simply starts with the relevant excited state or thermal density matrix instead of the ground state density matrix ρ = |0 0|. For example, for thermal states, one would start with
where β is the inverse temperature and H is the Hamiltonian. However, it is well known that for mixed states, the entanglement entropy is no longer a good measure of quantum entanglement. The entanglement entropy is contaminated by the thermal entropy of region A and in fact in the high temperature limit becomes dominated by it. It is of course never possible to take a strict zero temperature limit of real world systems. If we are to use entanglement entropy to measure quantum entanglement, then we need to know how to subtract off nonzero temperature contributions to S E and S n . Little has been said about these corrections in the literature thus far. Ref. [8] studied entanglement entropy for a massive relativistic scalar field in 1+1 dimensions. The authors provided numerical evidence that the corrections scale as e −βm in the limit βm 1 where m is the mass of the scalar field. They further conjectured that for any many-body system with a mass gap m gap , such corrections should scale as e −βmgap when βm gap 1. This conjecture more or less immediately follows from writing (4) as a Boltzmann sum over states. By assumption, the first excited state will come with contribution e −βmgap and give the dominant correction. Some possible but probably rare exceptions involve cases where for some reason the first excited state contribution to the entanglement entropy vanishes or where the degeneracy of states with energy E = m gap itself has an exponential dependence on temperature.
While knowledge of the e −βmgap dependence is a good starting point, it would be even better to know the coef-ficient. In this letter we calculate the coefficient for 1+1 dimensional conformal field theories (CFTs) on a circle of circumference L in the case where A consists of a single interval of length . The answer is
where ∆ is the smallest scaling dimension among the set of operators including the stress tensor and all primaries not equal to the identity and g is their degeneracy. In order for this result to hold, the CFT needs to have a unique ground state separated from the first excited state by a nonzero mass gap (induced by the finite volume of the system). The correction (6) was obtained from the n → 1 limit of (5) . Given the form of these corrections, another possible use for them is the determination of ∆ and g. From the literature [9] [10] [11] [12] , it is possible to deduce the correction (5) in two limiting cases -for free theories and for theories with AdS/CFT duals and large central charge. Using bosonization, ref. [9, 10] computed these corrections for massless free Dirac fermions. In this case, free fermionic operators with scaling dimension ∆ = 1/2 and g = 4 yield the appropriate correction. Ref. [12] considered CFTs with large central charge c and gravitational duals. In this case, the entanglement and Rényi entropies can be written as an asymptotic series in c where the leading term is O(c). The authors computed the O(1) corrections to the entanglement and Rényi entropies due to the stress tensor T (z), which has ∆ = 2 and g = 2.
Although the authors do not write explicit formulae, it is trivial to extend their computation to operators of general conformal dimension. The computation involves a low temperature expansion of a Selberg-like zeta function. In all cases, their expression would match (5).
For free CFTs more generally, the important observation is that this same Selberg-like zeta function appears in ref. [11] where the authors compute the determinant of the Laplacian for a bc-system on an arbitrary genus Riemann surface. From ref. [11] , one can then deduce that the same correction (5) holds for free CFTs [21] . A check of these statements was performed explicitly for a free complex boson and free fermions in ref. [14] .
In this letter, we will show by explicit computation that the corrections (5) and (6) hold for a general 1+1 dimensional CFT. We then check that the corrections have expected behavior in the limits L and → L.
Universal Thermal Corrections: Starting from the thermal density matrix (4), we compute the first few terms in a low temperature expansion of the Rényi entropies. Introducing a complete set of states, we can write the thermal density matrix as a Boltzmann sum over states:
For a CFT on a cylinder of circumference L, coordinatized by w = x − ıt, the Hamiltonian is
where L 0 andL 0 are the zeroth level left and right moving Virasoro generators and c is the central charge. We will assume in what follows that placing the CFT on a cylinder produces a unique ground state and gaps the theory. Let ψ(w) = 1 be a Virasoro primary operator and |ψ = lim t→−∞ ψ(w)|0 the corresponding state where L 0 |ψ = h|ψ ,L 0 |ψ =h|ψ and ∆ = h +h. As the |ψ are lowest weight states in the CFT, it follows -with one important exception -that the smallest nonzero E φ must correspond to a primary operator ψ(w) and more-
The one important exception is when ∆ > 2 and two descendants of the identity operator, the stress tensor T (w) and its conjugateT (w), give the dominant correction. (The identity operator itself can be thought of as yielding the leading zero temperature contribution to the Rényi entropies.) We are assuming ∆ > 0, which may not be true for non-unitary CFTs, and no gravitational anomaly, i.e. c L = c R .
We divide up the spatial circle into regions A and complement B and compute the reduced density matrix ρ A . Let us consider a low temperature expansion where
It follows then that
= tr (tr B |0 0|)
The first term gives the zero temperature contribution to the Rényi entropy for a finite system [15] log tr(tr B |0 0|)
where is the length of A.
Up to a normalization issue we will come to shortly, the expression tr tr B |ψ ψ| (tr B |0 0|)
is a two-point function of the operator ψ(w). By the state operator correspondence, we can interpret the state |ψ as lim t→−∞ ψ(x, t)|0 and similarly ψ| = lim t→∞ 0|ψ(x, t). In path integral language, the trace over an nth power of the reduced density matrix becomes a partition function on an n-sheeted copy of the cylinder, branched over the interval A. The expression (13) 
By the Riemann-Hurwitz theorem, this multisheeted cylinder has genus zero. There exists then a uniformizing map which takes the multisheeted cylinder to the plane, and on the plane, the two-point function (13) can be computed trivially. A uniformizing map from n copies of a cylinder of circumference L to the plane is
We choose θ 1 and θ 2 such that the map is branched over the interval A, which has endpoints on the cylinder such that
L . Under this map, an operator inserted on the jth cylinder at t = −∞ is located on the ζ (n) plane at ζ (n) −∞ = e ı(θ2−θ1)/n+2πıj/n , while an operator inserted at t = ∞ is located at ζ (n) ∞ = e 2πıj/n . The correlation function on the ζ-plane between two quasi-primaries inserted at points ζ (n) 2 and ζ
using the standard CFT normalization for two point functions. Mapping back to the n-sheeted cover of the w-plane, we find that
where ψ(w 1 ,w 1 ) and ψ(w 2 ,w 2 ) are inserted on just one of the n-sheets. We would like to work with a normalization such that ψ|ψ = 1 on the original w-cylinder. To that end, we need to divide (16) by ψ(w 2 ,w 2 )ψ(w 1 ,w 1 ) 1 . The following identity is useful We find then that
where
If we take t 2 = ∞ and t 1 = −∞, the expression simplifies,
The result (5) then follows immediately and (6) by taking the n → 1 limit of (5). The degeneracy factor g comes from the fact that we can choose an orthonormal basis for operators ψ i , i = 1, . . . , g with dimension ∆ where each ψ i contributes equally to (5) . A numerical confirmation of (6) is presented in figure 1 for free fermions. We note in passing that a similar calculation was performed in ref. [17] . In that paper, the authors consider Rényi entropies in excited states of the CFT, for which they need to insert two operators ψ(z,z) on all of the n sheets of the cylinder. This makes the actual computation impractical for n > 2. By contrast, the leading correction term in our calculation comes from inserting only two operators and may therefore be carried out for arbitrary n.
Limiting Forms for the Corrections: In the limit L, the correction (5) can be written as a power series in /L,
We can understand this form of the correction from a twist operator formulation of the Rényi entropy. Instead of working on the uniformized Riemann surface ζ (n) , we work on the individual cylinders coordinatized by w but now with twist operators P ( /2) and P (− /2) at the endpoints of the interval A. We can write down a couple of terms in the OPE of the twist operators [18] [19] [20] [22] .
(A discussion of the normalization constants c n can be found in ref. [7] .) The leading ( /L) 2 correction (21) will then come from a three point function involving the stress tensor and the two quasi-primary fields lim t→∞ ψ(x, t) and lim t→−∞ ψ(x, t) producing, via the operator state correspondence, the first excited state in the Boltzmann sum (9) . Recall the three point function of the stress tensor with two quasi-primary fields ψ(z,z) of dimension ∆ = h +h is
If we now transform to the cylinder, z = e 2πıw/L , choosing z 1 = 0 and z 2 = ∞, we find that
The small correction should then be
which matches with (21) . The g is the degeneracy factor. The 1/(1 − n) comes from the definition of the Rényi entropy. The n is the number of different sheets where we can compute this three point function. The (1 − 1/n 2 ) 2 /12 comes from the OPE of the twist operators. Finally, we get contributions from three point functions involving T (w) andT (w) and a Boltzmann factor. Note the Schwarzian derivative contribution to the three point function (24) does not contribute to (25) but instead gets incorporated into the leading zero temperature part of the Rényi entropies.
In the limt → L, the correction (5) becomes
This expression traces its origin to the normalization of the thermal density matrix, i.e. the e −2π∆β/L in the denominator of (9) , and leads to a peculiar singularity in the limit n → 1.
Interestingly, the analytic continuation n → 1 is sensitive to the order of limits β → ∞ and → L. Above, we have taken β → ∞ first. If we instead first take → L, and then take n → 1, the coefficient of e −2π∆β/L now becomes singular in the limit β → ∞. Let us see how this result comes about in greater detail. The nth Rényi entropy can be computed from the partition function of an n-sheeted copy of the torus, glued along the interval 0 to . On each sheet of the Riemann surface, we insert the identity operator Id = P P −1 along a spatial circle where P shifts up a sheet and P −1 shifts down. Then, we move P −1 so that it overlaps and partially cancels with the interval 0 to , leaving P −1 along the interval to L − . In the limit → L, we can replace the sewing prescription along the interval to L − with the OPE of twist operators that sit at and L − . The effect of the remaining P −1 around the spatial circle is to glue the n tori of length β into a single torus of length nβ. Using the OPE (22), we find that
We will return to L − dependent corrections in a moment. The leading (L− ) dependence yields the universal single interval Rényi entropy for a CFT on a line while the remaining ratio of thermal density matrices gives the thermal Rényi entropy for the whole system. The n → 1 limit of the thermal Rényi entropy will yield the ordinary thermal entropy. At low temperature for our system, the thermal Rényi entropy can be expanded,
From the n → 1 limit of (27), we may compute the entanglement entropy for the interval A:
Note that the O(e −2π∆β/L ) correction matches well the result for free fermions, shown in the inset of figure 1.
We expect an O(L − ) 2 correction to (29) from expanding the universal leading log sin(π /L) piece of the entanglement and Rényi entropies on a circle. In terms of the OPE (22) , this correction comes from the one point function of the stress tensor on a cylinder. Note that this correction is temperature independent and does not come with a e −2π∆β/L Boltzmann factor. The leading correction that does come with a e −2π∆β/L suppression should scale as O(L − ) 2∆ . This correction will come from a ψ 2 term in the OPE of the two twist operators [20] . By dimensional analysis, the coefficient of ψ 2 in the OPE contains the (L − ) 2∆ dependence while the Boltzmann suppression comes from two point functions of the ψ operators separated by a distance β on the torus of length nβ and width L.
Discussion: For pure states, the Rényi entropy of a region and its complement are equal, S n (A) = S n (B), as follows from a Schmidt decomposition of the Hilbert space (see for example [16] ). However, for thermal states, this symmetry is broken. Indeed for our corrections (5), δS n ( ) = δS n (L− ). However, the Rényi entropies and our corrections do have the symmetry S n ( ) = S n (nL − ). To see this symmetry, imagine taking one of the twist operators around a spatial cycle on the torus (n − 1) times. Then, on the interval (0, ) we have a permutation P n n = 1, and on the complementary interval a permutation P n−1 n which is equivalent to P n . (For the correction (5), note that one should take the modulus of the ratio of sines.)
The corrections (5) and (6) are very similar in spirit to universal corrections to two interval entanglement entropy on the plane [18] [19] [20] . For two intervals of length 1 and 2 whose centers are separated by a distance r, an OPE argument predicts a leading correction to the Rényi entropies of the form
where ∆ is again the lowest conformal scaling dimension among the primary operators and C n is known and calculable. It would be interesting to see if similar formulae can be found for CFTs in higher dimension.
